We study the evolution of the flavour non-singlet deep-inelastic structure functions F 2,NS and F 3 at the next-to-next-to-next-to-leading order (N 3 LO) of massless perturbative QCD. The present information on the corresponding three-loop coefficient functions is used to derive approximate expressions of these quantities which prove completely sufficient for values x > 10 −2 of the Bjorken variable. The inclusion of the N 3 LO corrections reduces the theoretical uncertainty of α s determinations from non-singlet scaling violations arising from the truncation of the perturbation series to less than 1%. We also study the predictions of the soft-gluon resummation, of renormalization-scheme optimizations by the principle of minimal sensitivity (PMS) and the effective charge (ECH) method, and of the Padé summation for the structure-function evolution kernels. The PMS, ECH and Padé approaches are found to facilitate a reliable estimate of the corrections beyond N 3 LO.
Introduction
Structure functions in inclusive deep-inelastic lepton-nucleon scattering (DIS) are among the observables best suited for precise determinations of the strong coupling constant α s . At present their experimental uncertainties result in an error ∆ exp α s (M 2 Z ) ≃ 0.002 at the mass of the Z-boson [1] . A further reduction of this error can be expected, especially from measurements at the electron-proton collider HERA after the forthcoming luminosity upgrade. The standard next-to-leading order (NLO) approximation of perturbative QCD summarized in ref. [2] , on the other hand, leads to a theoretical error ∆ th α s (M 2 Z ) ≈ 0.005. This error is dominated by the uncertainty due to the truncation of the perturbation series as estimated from the renormalization-scale dependence. Hence calculations beyond NLO are required to make full use of the present and forthcoming data on structure functions.
The ingredients necessary for next-to-next-to-leading order (NNLO) analyses of the structure functions in Bjorken-x space 1 have not been completed up to now: Unlike the two-loop coefficient functions which were calculated some time ago [5] (and completely checked recently [6] ), only partial results [7, 8, 9, 10] have been obtained for the three-loop splitting functions so far. However, we have recently demonstrated [11, 12, 13] that the uncertainties resulting from the incompleteness of this information are entirely negligible at x > 0.05. Moreover, these uncertainties are small even at much lower x, down to x ≃ 10 −4 at not too small scales, Q 2 > ∼ 10 GeV 2 [13] . Thus analyses of structure functions in DIS (and of total cross sections for Drell-Yan lepton-pair production [14] ) can be promoted to NNLO over a wide kinematic region. Besides more accurate determinations of the parton densities, such analyses facilitate a considerably improved theoretical accuracy ∆ th α s (M 2 Z ) ≃ 0.002 of the determinations of the strong coupling.
In the present article we extend, for x > 10 −2 , our treatment [11] of the flavour nonsinglet (NS) sector dominating α s -extractions from DIS to the next-to-next-to-next-toleading order (N 3 LO). This extension is facilitated by two circumstances: The first is the existence of constraints on the three-loop coefficient functions which prove to be sufficiently restrictive in this region of x. The seven lowest even-integer and odd-integer moments have been computed [7, 8] for the structure function F 2,NS in electromagnetic DIS and F ν+ν 3 in charged-current DIS, respectively. Furthermore the four leading large-x terms of these functions are known from the soft-gluon resummation [15, 16] . The second circumstance is the rapid convergence of the splitting-function expansion in the usual MS factorization scheme also employed in refs. [7, 8] . Already the impact of the three-loop splitting functions is small at x > 10 −2 , in absolute size (less than 1% on α s (M 2 Z ) ) as well as compared to the two-loop coefficient functions [11, 12] . Hence one can safely expect that the effect of the unknown four-loop splitting functions on determinations of α s (M 2 Z ) will be well below the 1% accuracy we are aiming at.
As demonstrated below, the N 3 LO approximation suffices for achieving this accuracy in the region x < ∼ 0.75 usually covered by analyses of DIS data [1] . Terms beyond this order are relevant at x > ∼ 0.8, on the other hand, mainly due to the presence of large soft-gluon logarithms up to [ ln 2l−1 (1−x) ]/(1−x) in the l-loop coefficient functions. The resummation of these logarithms [15, 16] has been extended to the next-to-next-to-leading logarithmic (NNLL) accuracy recently [17] . Here we will study the predictions of this resummation for the factorization-scheme independent ('physical') kernels governing the scaling violations ('evolution') of the non-singlet structure functions. Other approaches to estimate higherorder corrections to these kernels, not restricted to very large x, include Padé summations of the perturbation series [18] as well as renormalization scheme optimizations such as the principle of minimal sensitivity (PMS) [19] and the effective charge (ECH) method [20] . We will also compare these estimates to the full NNLO and N 3 LO evolution kernels, and investigate the resulting predictions at order α 5 s (N 4 LO) and beyond.
The outline of this article is as follows: In section 2 we express the physical evolution kernels, up to N 4 LO and NNLL accuracy, in terms of the corresponding splitting functions and coefficient functions. The information on the three-loop coefficient functions for F 2,NS and F 3 discussed above is employed in section 3 to derive approximate expressions for their x-dependence. Besides these functions the N 3 LO evolution kernels also involve convolutions of lower-order coefficient functions for which we provide compact expressions in section 4. These results are put together in section 5 to study the effects of the N 3 LO terms on the evolution of the structure functions and on the resulting determinations of the strong coupling constant. In section 6 we discuss the predictions of the soft-gluon resummation and of the Padé, PMS and ECH approximations. Finally our results are summarized in section 7. Some relations for the convolutions in section 4 and for the Padé approximations in section 6 can be found in the appendix.
2 Fixed-order and resummed evolution kernels For the choice µ 2 r = µ 2 f = Q 2 of the renormalization and mass-factorization scales, the structure functions
are in perturbative QCD given by
Here c a,l represents the l-loop non-singlet coefficient functions with c a,0 (x) = δ(1−x), and q a,NS stands for the respective combinations of the quark densities. The scale dependence of the running coupling of QCD, in this article normalized as
Besides β 0 and β 1 [2] also the coefficients β 2 and β 3 have been computed [21, 22] in the MS renormalization scheme adopted throughout this study. All these four coefficients, 
where ⊗ abbreviates the Mellin convolution written out in the third line of Eq. (2.2). Like the coefficient functions c a,l (x), the (l +1)-loop splitting functions P a,l (x) are scale independent for the above choice of µ r and µ f .
Explicit expressions up to order α 2 s can be found in refs. [23] and [5] for the non-singlet splitting functions and coefficient functions, respectively. For the third-order splitting functions P a,2 (x) we will employ our approximate expressions of ref. [13] . The three-loop coefficient functions c a,3 (x) are the subject of section 3 below.
It is convenient to express the scaling violations of the non-singlet structure functions in terms of these structure functions themselves, thus explicitly eliminating any dependence on the factorization scheme and the scale µ f . The corresponding 'physical' evolution kernels K a for µ 2 r = Q 2 can be derived by differentiating Eq. (2.2) with respect to Q 2 by means of Eqs. (2.4) and (2.6), and finally eliminating q a,NS using the inverse of Eq. (2.2). Suppressing the dependences on x and Q 2 one arrives at the evolution equations
In Eq. (2.8) we have used the abbreviation f ⊗l for the (l−1)-fold convolution of a function f (x) with itself, i.e., f ⊗2 = f ⊗ f etc. The generalizations K a,l of the kernels K a,l in Eq. (2.7) to µ 2 r = Q 2 can be obtained by expanding 2 a s (Q 2 ) in terms of a s (µ 2 r ) and L = ln(Q 2 /µ 2 r ) , yielding
2 Up to the fifth order this expansion can be read off from the K a,0 terms of Eq. (2.9).
At N m LO the terms up to l = m are included in Eq (2.7). Hence Eqs. (2.8) and (2.9) formally specify the evolution kernels K a up to N 4 LO. Their extension to higher orders is straightforward but irrelevant for the time being, as at least the coefficient functions beyond four loops will not be calculated in the foreseeable future.
The leading terms of the coefficient functions for x → 1, however, are known to all orders from the soft-gluon resummation [15, 16, 17] . Switching to Mellin moments,
for the remainder of this section, the large-N (large-x) behaviour of the coefficient functions in Eq. (2.2) takes the form
up to terms which vanish for N → ∞. Here we have used the abbreviation
and we have again put µ 2 r = µ 2 f = Q 2 . By virtue of the first line of (2.7), Eq. (2.11) leads to the following expression for the resummed kernel up to next-to-next-to-leading logarithmic (NNLL) accuracy [17] :
Thus the leading logarithmic (LL), next-to-leading logarithmic (NLL) and NNLL large-N contributions to the physical evolution kernels are of the form (a s ln N) n , a s (a s ln N) n and a 2 s (a s ln N) n , respectively. This is in contrast to the coefficient functions which receive contributions up to (a s ln 2 N) n . The constants A l in Eq. (2.13) are the coefficients of the leading [24] large-x terms 1/[1 − x] + of the l-loop MS splitting functions -recall that
(2.14)
As in Eq. (2.5) inserting the numerical values for the QCD colour factors C A and C F , these constants are given by 15) and the yet approximate, but sufficiently accurate three-loop result [9, 13] A 3 = (1178.8 ± 11.5) − (183.95 ± 0.85
Inserting the explicit form of the functions g 1 , g 2 [15] and g 3 [17] in Eq. (2.13) and restoring the dependence on L = ln(Q 2 /µ 2 r ) leads to
Here ζ 2 = π 2 /6, and γ e represents the Euler-Mascheroni constant, γ e ≃ 0.577216. Furthermore B 1 = −4 [15] , and the constants B 2 and D 2 are related by [17] B 2 + D 2 = 36.2657 + 6.34888 N f . (2.18)
We will return to the latter coefficients at the end of the next section.
After subtracting the terms up to order a m+1 s in K N res already taken into account in the N m LO terms (2.9), Eq. (2.17) can be added to these fixed-order results to obtain the (N m LO + resummed) approximation for the non-singlet evolution kernels,
Due to the renormalon singularities at λ = 1 and λ = 1/2 in Eq. (2.17) the resummed evolution equations cannot be uniquely inverted to x-space, unlike the fixed-order approximations K N a,l F N a . Note that strength of these singularities -located at N ≃ 2000 and N ≃ 45 for λ = 1 and λ = 1/2, respectively, at α s = 0.2 and N f = 4 -increases with the order of the soft-gluon expansion: the behaviour is logarithmic at the leading-log level, but involves poles of order k for the N k LL approximations. For our numerical study of the all-order case at the end of section 6 we will use the standard 'minimal prescription' contour [27] for the Mellin inversion. This contour runs to the left of the renormalon singularities, but to the right of all other poles in the N-plane.
The 3-loop non-singlet coefficient functions
The l-loop coefficient functions c a,l for the non-singlet structure functions F a=1,2,3 defined in Eq. (2.1) can be represented as
a,l and D (n) a,l are numerical coefficients which in general depend on the number of flavours N f , and we have employed the abbreviations (x, N f ) collect all contributions which are finite for 0 ≤ x ≤ 1. This regular term constitutes the mathematically complicated part of Eq. (3.1), it involves higher transcendental functions like the harmonic polylogarithms introduced in ref. [28] . As usual, the +-distributions are defined via
where f (x) is a regular function. The convolutions with the distributions occurring in Eq. (3.1) can be written as 3
As already indicated in Eq. (3.1), the coefficients of D m and of δ(1 − x) are independent of the choice of the structure function.
The three-loop contributions c S,3 known from the soft-gluon resummation read
where we have again truncated the irrational coefficients and restricted ourselves to the practically relevant cases N f = 3, 4 and 5. Besides the D m -terms determined in ref. [16] , 3 The second line of Eq. (3.4) is given by −xf (x)
x 0 dy a(y) for a general +-distribution [a(x)] + .
Eq. (3.5) also includes the leading integrable large-x logarithm. The general relation between the coefficients of this term and the leading +-distribution has been conjectured in ref. [29] . Eqs. (3.5) complement the main present constraints on c a,3 (x, N f ) provided by the computation [7, 8] of the seven lowest even-integer and odd-integer moments (2.10), respectively, for electromagnetic (e.m.) DIS and the charged-current (CC) combination F ν+ν
3
. Note that the coefficients of the leading small-x logarithms are presently unknown here, unlike for the splitting functions and the singlet coefficient functions [10] .
We use this information for approximate reconstructions of c 2,3 (x, N f ) and c 3,3 (x, N f ) at N f = 3, 4 and 5. Our method is analogous to the treatment of the three-loop splitting functions in refs. [11, 12, 13] : A simple ansatz is chosen for c smooth a,3 in Eq. (3.1), and its free parameters are determined from the available moments together with a reasonably balanced subset of the coefficients A . For a few combinations the resulting system of linear equations which fixes these parameters by the seven moments becomes almost singular, resulting in exceptionally large numerical coefficients. After rejecting those about 5% of the combinations for which the modulus of at least one parameter exceeds 10 5 , we are left with about 90 approximations for each case.
Before we present the approximate results for c a,3 (x, N f ), it is appropriate to illustrate our procedure by applying it to a known quantity, for which we choose the two-loop e.m. coefficient function c 2,2 (x, N f = 4). Adopting the coefficients of D 3 and D 2 defined in Eq. (3.2) from the soft-gluon exponentiation, the procedure described in the preceding paragraph is applied to this function with the small adjustment that two of the C are kept as C (4) does not occur at two loops according to Eq. (3.1). Also here we reject a couple of combinations, those with parameter(s) of modulus above 3 · 10 3 . The remaining about 70 approximations are compared to the exact result of ref. [5] in Fig. 1 .
The seven lowest even-integer moments supplemented by the soft-gluon coefficients A (m>1) 2 prove to constrain c 2,2 (x) rather tightly at x > ∼ 0.3. The region 0.1 < ∼ x < ∼ 0.3 is less accurately covered, and at x < 0.1 the lack of small-x information mentioned above becomes very prominent. Also shown in Fig. 1 is the exact result [5] for c 2,2 in chargedcurrent DIS. The difference to the electromagnetic case -originating in a sign difference of the contributions from γ/W + q → q + q +q with identical quarks in the final-state -is clearly visible only at x < ∼ 0.2. The effect of this difference on the evolution of the structure functions at NNLO is unnoticeable at x > ∼ 0.1, and amounts to less that 1% for x > 0.01, see Fig. 11 of ref. [11] . We expect that the corresponding three-loop effect will at least not be larger. Hence the approximations for c 2,2 (x, N f ), constructed for the e.m. case, should be applicable also for neutrino DIS without introducing any relevant error. 
2,NS
obtained from the lowest seven even-integer moments and the two leading soft-gluon terms, compared to the exact result of ref. [5] . Also shown is the corresponding exact coefficient function for F 2,NS in charged-current DIS.
The corresponding approximations for c 2,3 and c 3,3 are shown in Fig. 2 for N f = 4 (concerning the scale of the ordinate recall the rather small expansion parameter (2.3) ). As expected, the accuracy pattern is qualitatively similar to the two-loop case of Fig. 2 . The uncertainty of c 3,3 is smaller than that of c 2,3 at small x, since for c 3,3 the lowest calculated moment, N = 1, is closer to the location of the rightmost pole at N = 0. For both functions two representatives, denoted by A and B, are selected which rather completely cover the uncertainty bands. With c S,3 of Eq. (3.5) these representatives read The uncertainty bands of Fig. 2 do not directly indicate the range of applicability of our approximations, as the coefficient function enter the structure functions and their evolution only via the smoothening convolution (2.2) with non-perturbative initial distributions. In Fig. 3 we therefore present the convolutions of the results (3.6) and (3.7) with a typical non-singlet shape. This illustration shows that the residual uncertainties of c a,3 do not lead to any relevant effects for x ≥ 0.1. The situation at smaller x depends on the numerical size of the c a,3 contributions to the evolution kernels given by Eqs. (2.7) and (2.8) . Anticipating our findings in section 5, we note that these contributions are actually unproblematically small for x > 10 −2 .
The results for N f = 3 and N f = 5 are similar to those presented in Fig. 2 and Fig. 3 . For brevity they are not displayed graphically in this article. The selected approximations for N f = 3 are given by In all cases the average 1/2 (c A a,3 + c B a,3 ) represents our central result.
We conclude this section by returning to the coefficients B 2 and D 2 entering the NNLL soft-gluon resummation of the quark coefficient functions (2.11) and structure-function evolution kernels (2.17 ). If only one of these constants were present, say D 2 , then this constant would be fixed by the consistency of Eq. (2.11) with the soft-gluon part c S,2 of the NNLO coefficient functions of ref. [5] , more precisely by the coefficient A (0) 2 in Eq. (3.1). Digressing for a moment, we note that this situation is actually realized for the (very closely related) NNLL soft-gluon resummations of the quark-antiquark annihilation contribution to the Drell-Yan cross section [17] and of the cross section for Higgs production via gluon-gluon fusion in the heavy top-quark limit. For these two processes the NNLO soft-and virtual-gluon contribution have been computed in refs. [25] and [26] , respectively. In the present DIS case, however, this consistency conditions only implies the constraint (2.18 ). An exact result for the coefficient A 
2 . For about 95% of these approximations this coefficient falls into the range
(3.12)
The comparison of these results to the expansion of Eq. (2.11) (using g 3 (λ) of ref. [17] ) leads to the rather weak constraints
which can to sufficient accuracy be combined to the estimate
Here P δ l−1 represent the coefficients of δ(1 − x) in the l-loop quark splitting functions.
Retaining the colour factors C
for our normalization (2.3) of the expansion parameter.
Convolutions for the N 3 LO evolution kernels
Besides the (l+1)-loop splitting functions and the l-loop coefficient functions, the N l LO evolution kernels (2.7) involve simple and multiple convolutions of the coefficient functions of lower order. Required at N 3 LO are the simple and double convolutions of the one-loop coefficient functions c a,1 with themselves, c ⊗2 a,1 and c ⊗3 a,1 , and the convolutions of the onewith the two-loop coefficient functions, c a,1 ⊗ c a,2 , see Eq. (2.8). Especially the latter lead to rather complex exact expressions. These terms, however, do not require any attention if the evolution is carried out using the moment-space technique [30] , as in N-space the convolutions reduce to products. On the other hand, many analyses of data on structure functions are performed using 'brute-force' x-space programs for solving the evolution equations. For application in such programs we provide compact and accurate parametrizations of the convolution contributions to the evolution kernels up to N 3 LO.
These approximations are derived analogously to those of the two-loop coefficient functions in ref. [11] : The +-distribution parts are treated exactly (truncating irrational coefficients), see the appendix. The integrable x < 1 terms are fitted to the exact results for x ≥ 10 −6 . Finally the coefficients of δ(1 − x) are slightly adjusted from their exact values using the lowest integer moments. The resulting parametrizations deviate from the exact results by no more than a few permille. This accuracy applies directly to Eqs. (4.1)-(4.6) as well as to their convolutions with typical hadronic input distributions.
Using the abbreviations (3.2) the simple convolutions of the one-loop coefficient functions for F 2,NS and F 3 can be written as c The convolutions c a,2 ⊗c a,1 for F 2,NS in electromagnetic DIS and for the charged-current combination F ν+ν 
Numerical results for the scaling violations
In this section we illustrate the effect of the next-to-next-to-next-to-leading order (N 3 LO) contributions to the physical evolution kernels (2.7)-(2.9) for the electromagnetic structure function F 2,NS and the charged-current combination F ν+ν 3 henceforth simply denoted F 3 . Specifically, we will discuss the logarithmic derivativesḞ a ≡ d ln F a /d ln Q 2 calculated at a fixed reference scale Q 2 = Q 2 0 for the initial conditions As already mentioned in the introduction, the size of the two-and three-loop terms in the expansion of the non-singlet splitting functions strongly indicates that the effects of P a,3 are very small in the x-region addressed by the present study, x > 10 −2 . Hence a rather rough estimate of these quantities is sufficient here. We have checked that the Figure 4 : The perturbative expansion of the scale derivativeḞ 2,NS ≡ d ln F 2,NS /d ln Q 2 of the electromagnetic structure function F 2,NS at µ 2 r = Q 2 ≃ 30 GeV 2 for the initial conditions specified in Eqs. (5.1) and (5.2) . The differences between the predictions at different orders in α s are shown on a larger scale in the right part. The dependence of these scale derivatives on the renormalization scale 5 is illustrated in Fig. 6 and Fig. 7 . In the former figure the consequences of varying µ r are shown foṙ F 2,NS at six representative values of x (note that the scales of the ordinates are different in all six parts). Here we vary µ r over a rather wide range, 1 8 Q 2 ≤ µ 2 r ≤ 8Q 2 , corresponding to 0.29 > ∼ α s (µ 2 r ) > ∼ 0.15 for the initial condition (5.2). In the latter figure we display the absolute scale uncertainties ofḞ 2,NS andḞ 3 at Q 2 = Q 2 0 , estimated by
i.e., using the smaller conventional interval 1 2 Q . . . 2 Q for µ r . Also shown here are the further improvements resulting from including the approximate α 5 s (N 4 LO) contributions to Eqs. (2.7) -(2.9) discussed in the next section.
Our new N 3 LO results represent a clear improvement over the NNLO stability [11] for all x-values of Fig. 6 except for x = 0.05 (here, however, the absolute spread is very small, see Fig. 7 ), where the difference between the N 3 LO A and N 3 LO B results at small µ r becomes comparable to the µ r -variation at NNLO. This enhanced sensitivity at small scales is due to the larger values of α s up to almost 0.3, which enter the approximate contributions to Eq. The results shown in Fig. 7 correspond to relative uncertainties (∆ absḞa )/Ḟ a of 8% at NNLO and 5% and 3% at N 3 LO and N 4 LO, respectively, for both F 2,NS and F 3 at x = 0.85. The corresponding figures at x = 0.65 read 5% (NNLO), 2% (N 3 LO) and 1% (N 4 LO). These scale uncertainties are rather similar to the relative size of the highestorder contributions at µ 2 r = Q 2 in Fig. 4 and Fig. 5 (for the N 4 LO contribution see Fig. 11  in section 6 ). Hence the µ r -variation (5.4) where the first column refers to F 2,NS and the second to F 3 . The central values represent the respective results for µ 2 r = Q 2 0 , and the errors are due to the renormalization scale variation 1 4 Q 2 ≤ µ 2 r ≤ 4 Q 2 , for the N 3 LO and N 4 LO cases combined with the approximation uncertainties. Unlike the NNLO terms, the N 3 LO and N 4 LO corrections do not cause significant shifts of the central values, but just lead to a reduction of the µ r uncertainties which reach about ±1% at N 3 LO. The difference of the NLO and NNLO central results for F 3 is half as large as that for F 2,NS . This effect is due to larger positive corrections to the logarithmic derivative at x < 0.4 in the former case (see Figs. 4 and 5) , which counteract the effect of the negative corrections at large x in the fit. As far as Eq. (5.5) can be compared to the fits of real data in refs. [3, 4] (where higher-twist contributions affecting the central values are included), our finding are consistent with those results.
Resummations and optimizations
Finally we address the predictions of the soft-gluon resummation, the ECH and PMS scheme optimizations, and the Padé approximations for the physical evolution kernel K a in Eq. (2.7). Being especially interested in the region of large-x / large-N, where the higher-order corrections are large but similar for F 2,NS and F 3 , we will for brevity focus on the former, more accurately measured quantity. Also in this section the numerical results are given for N f = 4 and the initial conditions (5.1) and (5.2) . We will mainly consider the predictions of the above-mentioned approaches at fixed order in α s , and only at the end briefly turn to the all-order results for the soft-gluon exponentiation and the Padé summations.
The N l LO predictions of the soft-gluon resummation for the kernels (2.7) are given by the terms a l+1 s K res,l in Eq. (2.17) . Recall that the leading logarithmic (LL), next-to-leading logarithmic (NLL) and next-to-next-to-leading logarithmic (NNLL) contributions behave as ln l+1 N, ln l N and (at l ≥ 2) ln l−1 N, respectively. The terms in the l-loop coefficient functions c a,l proportional to ln k N with k = l + 2, . . . , 2l cancel in the combinations (2.8) for l ≥ 2. This implies that, from l = 5 onwards, actually none of the four leading ln k N terms of c a,l presently fixed by the soft-gluon exponentiation (2.11) contributes to the N l LO kernels (2.7). Consequently, we expect a pattern for the numerical soft-gluon approximations to the physical kernels which is rather different from that discussed in ref. [16] for the MS coefficient functions.
The cumulative effect of soft-gluon terms at NNLO (α 3 s ) and N 3 LO (α 4 s ) is compared to the (approximate) full results in Fig. 8 . The two solid curves in the right plot refer to the N 3 LO A and N 3 LO B approximation discussed below Eq. (5.3), the two NNLL results to ξ = 8 and ξ = 12 in Eq. (3.14) . For the (undisplayed) NLO contribution the LL and NNLL predictions are considerably smaller and larger, respectively, than the full result, whereas the inclusion of also the a 2 s N 0 term arising from soft and virtual emissions leads to a reasonable approximation. Combined with this situation, the results of Fig. 8 indicate that the number of soft-gluon logarithms required for a realistic approximation at N l LO systematically increases with the order l: The full NLO, NNLO, and N 3 LO curves run between the LL and NLL, close to the NLL, and between the NLL and NNLL results, respectively. The NNLL soft-gluon contribution may thus be expected to represent a reasonable estimate for the N 4 LO (α 5 s ) term of Eq. (2.7) at large x / large N. As shown in Fig. 9 6 , however, the spread due to the present uncertainty (3.14) of the parameters B 2 and D 2 entering Eq. (2.17) is unfortunately rather large. Moreover, even if with this uncertainty removed, e.g., by a future exact calculation of the three-loop coefficient functions, Figs. 8 and 9 indicate that the soft-gluon resummation can hardly be expected to provide accurate information on the N 4 LO term, even for moments as large as N ≃ 30. . The left part corresponds to the right plot of Fig. 8 , in the right part the resulting large-x predictions are shown for the α 5 s corrections to the results of Fig. 4 .
The renormalization-scheme optimizations assume that that the higher-order corrections to the N l LO physical kernels K (l)N a in N-space given by d ln F N a d ln Q 2 = K (l)N a = a s K N 0 (1 + a s r N a,1 + . . . + a l s r N a,l ) (6.1) are small in a certain 'optimal' scheme. The principle of minimal sensitivity (PMS) proposed in ref. [19] selects this scheme by the requirement
where d/d(RS) abbreviates the derivatives with respect to the l independent parameters specifying the renormalization scheme at N l LO. In the effective charge (ECH) method of ref. [20] , on the other hand, these parameters are chosen such that
Assuming that in these schemes the next terms r N a,l+1 are not just small but vanishing, the transformation back to MS (or any other scheme) leads to the respective PMS and ECH predictions for this quantity in terms of r N a,1 . . . r N a,l and the coefficients (2.4) of the β-function. Up to r 4 these predictions are explictly given in Eqs. (6) -(11) and (13) -(17) of ref. [31] , thus we refrain from repeating them here.
Another approach for estimating the higher-order corrections is provided by the Padé summation of the perturbation series, for QCD in detail discussed, e.g., in refs. [18] . In this method K The determination of the parameters p i and q j from the r 1 . . . r l of Eq. (6.1) are automatized in programs for symbolic manipulation such as Maple [32] . Expanding K N a, [N /D] to order l +1 then yields the [N /D] Padé predictions for the N l+1 LO coefficients r N a,l+1 . Also these predictions need not to be written down here. Beyond the second-order results there is no obvious relation between the predictions of the scheme optimizations and those of the Padé approximations. Consistent result of these methods for r l>2 are thus usually considered as evidence of the approximate correctness of these predictions [18] .
The PMS, ECH and Padé results for the NNLO and N 3 LO N-space kernels (6.1) are compared in Fig. 10 to the (approximate) full results already shown, on the same scale, in represent good approximations at both orders. The Padé approximations are somewhat smaller, however, this offset seems to decrease with the order in α s . In the left part of Fig. 11 we present the corresponding N 4 LO predictions. The inner three curves have been derived from the central N 3 LO results of section 5. The PMS and ECH are again very similar, they are not shown separately. The impact of the present uncertainty of the N 3 LO kernels, dominated by the estimate (5.3) of the four-loop splitting functions, is included in the two dotted curves which represent our final estimate for the N 4 LO term and its uncertainty. In the right part of Fig. 10 the N 4 LO corrections to the results of Fig. 4 are compared to the N 3 LO contribution. Within the large uncertainties of the latter, these results are consistent with the NNLL soft-gluon prediction shown in Fig. 9 . The consequences of including the N 4 LO estimates have been presented in Fig. 7 and Eq. (5.5), respectively, for the renormalization-scale stability and the determination of α s .
Finally the α l>5 s infinite-order predictions of the soft-gluon resummation (2.17) (using the minimal prescription contour [27] ) and the Padé approximations (6.4) are compared in Fig 
Summary
We have investigated the predictions of massless perturbative QCD for the scaling violations of the most important non-singlet structure functions in unpolarized DIS, extending our previous NNLO results [11] to N 3 LO and N 4 LO for the region x > 10 −2 . The main objective of this extension is to reduce the theoretical uncertainty of determinations of α s from inclusive DIS to about 1%, an accuracy which is sufficient to make full use of present and future structure function measurements. Our results also facilitate improved determinations of power-suppressed contributions to the structure-function evolution by fits to data, especially at large x where the uncertainties are still sizeable at NNLO.
The new ingredients entering the N 3 LO physical evolution kernels are the four-loop splitting functions and the three-loop coefficient functions. The impact of the former quantities is expected to be very small in the MS scheme at x > 10 −2 ; it has been estimated by a Padé approximation assigned a 100% uncertainty. For the latter quantities we have derived approximate expressions based on the available integer moment [7, 8] and soft gluon [15, 16] results. The effect of these functions is very well under control at x > 10 −2 , and almost perfectly at x > ∼ 0.1. In fact, the uncertainty of the splitting functions dominates the small residual uncertainties of the evolution kernels. Hence the accuracy of our present N 3 LO results will be superseded only by a future four-loop calculation.
We have also studied the predictions of the NNLL soft-gluon resummation [17] and of the Padé, PMS and ECH approximations [18, 19, 20] . Presently the predictions of the resummation for the physical evolution kernels beyond N 3 LO (in any case applicable only at x > ∼ 0.8) suffer from the incomplete determination of the soft-gluon parameters B 2 and D 2 , a problem which will be removed by forthcoming exact calculation of the three-loop coefficient functions [33] . The Padé, PMS and ECH approximations are found to agree rather well with the NNLO and N 3 LO results for the evolution kernels; these approaches seem to provide reliable predictions of the effects at N 4 LO and beyond.
For α s < ∼ 0.2 the N 3 LO and N 4 LO corrections at µ r ≃ Q are very small at x < 0.6 and x < 0.8, respectively, especially for the most accurately measured structure function F 2 . Consequently the central values of α s determined from the non-singlet scaling violations hardly change any more once the larger NNLO terms have been included, see also ref. [3] . The scale uncertainty of the resulting α s (M 2 Z ) is reduced to the unproblematic level of less than 1% at N 3 LO and 0.5% at N 4 LO. In order to ensure an overall theoretical accuracy of about 1% also the heavy quark (especially charm) mass effects need to be controlled with this precision. We will address this point in a forthcoming publication.
Fortran subroutines of our approximations of the three-loop coefficient functions in section 3 and of the parametrizations of the convolutions entering the evolution kernels in section 4 can be found at http://www.lorentz.leidenuniv.nl/∼avogt.
